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Matthaeus 2 Navier-Stokes [5]
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$J$ ( Fig. 5 ), sinh-Poisson
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$\frac{\partial}{\partial t}\omega_{z}(r, t)$ $=$ $\frac{\partial}{\partial t}(\sum_{i}\Omega_{i}\delta(r-r_{i}(t)))$
$=$ $- \sum_{i}\Omega_{i}(\frac{\partial}{\partial t}r_{i}(t))\cdot\nabla\delta(r-r_{1}(t))$
$=$ $-u(r, t)\cdot\nabla\omega_{z}(r, t)$ (3)
$\Omega_{i},$
$r_{i}$
$i$ $\delta(r)$ Dirac 2





$\omega_{z}(r, t)\equiv\langle\hat{\omega}_{z}(r, t)\rangle_{SE}$ (5)
S, E
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$\frac{\partial}{\partial t}\omega_{z}(r, t)+\nabla\cdot[u(r, t)\omega_{z}(r, t)]=-\nabla\cdot\langle\delta u(r, t)\delta\omega_{z}(r, t)\rangle_{SE}$ (11)
( )
$\delta\omega_{z}(r, t)$ (10) (7)
1
$\frac{\partial}{\partial t}\delta\omega_{z}(r, t)+u(r, t)\cdot\nabla\delta\omega_{z}(r, t)=-\delta u(r, t)\cdot\nabla\omega_{z}(r, t)$ (12)
2 $u(r, t)$ , $\omega_{z}(r, t)$
$\delta\omega_{z}(r, t)=\int_{-\infty}^{t}d\tau\delta u(r-(t-\tau)u, \tau)\cdot\nabla\omega_{z}(r, t)$ (13)
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$\delta\omega_{z}(r.t=-\infty)=0$ (11)
$-\nabla\cdot\{\delta u(r, t)\delta\omega_{z}(r, t)\rangle_{SE}=-\nabla\cdot(\overline{\eta}\cdot\nabla\omega_{z})$
$\overline{\eta}=\int_{-\infty}^{t}d\tau\langle\delta u(r, t)\delta u(r-(t-\tau)u, \tau)\rangle_{SE}$ (14)
4
$\overline{\eta}$ Fourier
$\hat{\psi}(k, t)$ $= \int dr’\hat{\psi}(r^{f}, t)\exp(-ik\cdot r’)$
$= \int dr^{f}\sum_{i}\Omega_{i}G(r’-r_{i})\exp(-ik\cdot r)$
$=$
$\sum_{i}\Omega_{i}G(k)\exp(-ik\cdot r_{i})$ (15)
$\hat{\omega}_{z}(k, t)$ $= \int dr’\hat{\omega}_{z}(r’, t)\exp(-ik\cdot r’)$
$= \int dr’\sum_{\dot{*}}\Omega_{i}\delta(r’-r_{i})\exp(-ik\cdot r’)$ .
$= \sum_{i}\Omega_{i}\exp(-ik\cdot r_{\dot{*}})$ (16)
$\hat{u}(k, t)$ $=$ $\int dr’(-\hat{z}\cross\nabla\hat{\psi}(r’, t))\exp(-ik\cdot r’)$
$=ik\cross\hat{z}G(k)\hat{\omega}_{z}(k, t)$ (17)
Fourier $\hat{u}(r’, t)$
$\hat{u}(r’, t)=(\frac{1}{2\pi})^{2}\int dk\exp(ik\cdot r’)\hat{u}(k, t)$ (18)
$\langle\hat{u}(r^{f}, t)\rangle_{Satr}$ $=$ $\frac{1}{|\Lambda|}\int_{\Lambda(r)}dr’\hat{u}(r’, t)$
$=$ $( \frac{1}{2\pi})^{2}\int dk\exp(ik\cdot r)L(k\epsilon)\hat{u}(k, t)$ (19)
$\langle\hat{u}(r’, t))_{SE}=(\frac{1}{2\pi})^{2}\int dk\exp(ik\cdot r)L(k\epsilon)\langle\hat{u}(k, t)\rangle_{E}\equiv(\hat{u}\rangle_{E}(r, t)$ (20)
(19), (20) $\exp(ik\cdot r)$ $r$ $r$
$L(k\epsilon)$
$\frac{1}{\Lambda(r)}\int_{\Lambda(r)}dr’\exp(ik\cdot r’)$ $=$ $\langle\exp(ik\cdot r’)\rangle_{S}$
$=\exp(ik\cdot r)L(k\epsilon)$ (21)
$L(k\epsilon)$ $\equiv$ $\frac{2}{(k\epsilon)^{2}}\int_{0}^{k\epsilon}xJ_{0}(x)dx$ (22)
40
$\delta u(r’, t)$
$\delta^{-}u(r’, t)$ $=$ $\hat{u}(r^{f}, t)-\langle\hat{u}\rangle_{E}(r, t)$
$=$ $( \frac{1}{2\pi})^{2}\int dk\exp(ik\cdot r’)\hat{u}(k, t)-(\frac{1}{2\pi})^{2}\int dk\exp(ik\cdot r)L(k\epsilon)\langle\hat{u}(k, t)\rangle_{E}$
$=$ $( \frac{1}{2\pi})^{2}\int dk(\exp(ik\cdot r’)\hat{u}(k, t)-\exp(ik\cdot r)L(k\epsilon)\langle\hat{u}(k, t)\rangle_{E})$
(23)
$\etarightarrow$ $\delta u(r’, t)$
$\etarightarrow$ $=$ $\int_{-\infty}^{t}d\tau\langle\delta u(r’, t)\delta u(r’-(t-\tau)u, \tau)\rangle_{SE}$




(24) :ik $=$ $\int_{-\infty}^{t}d\tau\langle(\frac{1}{2\pi})^{4}\int dkdk’(\cross\cdot 1)\cross(\cross 2)\rangle_{SE}$ (25)
$(\cross\cdot 1)$ $=$ $\exp(ik\cdot r^{f})ik\cross\hat{z}G(k)\hat{\omega}_{z}(k, t)$
$-$ cxp $(ik\cdot r)L(k\epsilon)(ik\cross\hat{z}G(k)\hat{\omega}_{z}(k, t)\rangle_{E}$ (26)
$(\cross\cdot 2)$ $=$ $\exp(ik’\cdot(r’-(t-\tau)u))ik’\cross\hat{z}G(k’)\hat{\omega}_{z}(k’, \tau)$
$-cxp(ik’\cdot(r-(t-\tau)u))L(k^{f}\epsilon)\langle ik’\cross\hat{z}G(k’)\hat{\omega}_{z}(k’, \tau)\rangle_{E}$ (27)
$\bullet$ $\langle\cdot\rangle_{se}$
$\bullet$ $\langle\cdot\rangle_{S}$ $r’$ $L(k\epsilon)$ $r’$
$r$
$\bullet$ $\langle\cdot\rangle_{E}$ $\hat{\omega}_{z}(k, t)$ $G(k),$ $G(k’)$
$\langle\cdot\rangle_{E}$
$\bullet\langle\hat{\omega}_{z}(k, t)\langle\hat{\omega}_{z}(k’, t)\rangle_{E}\rangle_{E}=\langle\hat{\omega}_{z}(k, t)\rangle_{E}\langle\hat{\omega}_{z}(k’, t)\rangle_{E}$
(25)
$\langle(\cross\cdot$ 1 $)\cross$ $($ $2)\rangle_{SE}$
41
$=ik\cross\hat{z}ik’\cross\hat{z}G(k)G(k^{f})\cross[$
$\exp(i(k+k’)\cdot r)\exp(-ik’\cdot(t-\tau)u)L(|k+k’|\epsilon)(\hat{\omega}_{z}(k, t)\hat{\omega}_{z}(k’, \tau)\rangle_{E}$
$-\exp(i(k+k’)\cdot r)\exp(-ik’\cdot(t-\tau)u))L(k\epsilon)L(k’\epsilon)\langle\hat{\omega}_{z}(k, t)\rangle_{E}\langle\hat{\omega}_{z}(k’, \tau)\rangle_{E}]$
(28)
$\hat{\omega}_{z}(k, t)$
















$r_{i}(t)-r$ $\equiv$ $\Delta r_{i}(t)$ (32)
$r_{j}(\tau)-r$ $\equiv$ $\Delta r_{j}(\tau)$ (33)




















$\triangle r_{i}(\tau)=\Delta r_{i}(t)-(t-\tau)u+\delta r_{i}(\tau)$ (36)
1 $=$
$L(|k+k’| \epsilon)\langle\sum_{i}\Omega_{i}^{2}\exp(-ik\cdot\triangle r_{i}(t))\exp(-ik^{f}\cdot(\Delta r_{i}(t)+\delta r_{i}(\tau)))\rangle_{E}$
$=$
$L(|k+k’| \epsilon)\langle\sum_{i}\Omega_{i}^{2}\exp(-i(k+k’)\cdot\Delta r_{i}(t))\exp(-ik’\cdot\delta r_{i}(\tau))\rangle_{E}$ (37)
$\Delta r_{i}$ $\Delta r$
$\overline{\eta}$ $=$ $( \frac{1}{2\pi})^{4}\int\int dkdk’G(k)G(k’)ik\cross\hat{z}ik’\cross\hat{z}$
$\cross\int_{-\infty}^{t}d\tau L(|k+k’|\epsilon)\Omega\int d\triangle r\omega_{z}(\Delta r)$
$\cross\exp(-i(k+k’)\cdot\triangle r)\langle\exp(-ik^{f}\cdot\delta r_{i}(\tau)))\rangle_{E}$ (38)
$[6]_{0}$
$(\delta r(\tau)\rangle$ $=$ $0$ (39)
$\langle(\overline{\delta}r(\tau))^{2}\rangle$ $=$ $2\eta(\triangle r)(t-\tau)$ (40)
$\langle\exp(-ik\cdot\delta r(\tau))\rangle_{E}$ $=$ $\exp(-\frac{\langle(k\cdot\delta r)^{2}\rangle}{2})$
$=$ $\exp(-k^{2}\eta(\Delta r)(t-\tau))$ (41)
43
(38) $=$ $( \frac{1}{2\pi})^{4}\int\int dkdk’G(k)G(k’)ik\cross\hat{z}ik’\cross\hat{z}$
1 $d\Delta rL(|k+k’|\epsilon)\Omega\omega_{z}$ (Ar) $\exp(-i(k+k’)\cdot r)\frac{1}{k^{2}\eta(\Delta r)}$ (42)
$\frac{1}{k^{2}\eta(\Delta r)}$ $\tau$ $\kappa=k+k’$
$=$ $\int d\Delta r\frac{\Omega\omega_{z}(\Delta r)}{\eta(\Delta r)}$
$\cross\int d\kappa L(\kappa\epsilon)\exp(-i\kappa\cdot\Delta r)$
$\cross\int dk’G(\kappa-k’)G(k)i(\kappa-k’)\cross\hat{z}ik’\cross\hat{z}$
$=$ $\int d\Delta r\frac{\Omega\omega_{z}(\triangle r)}{\eta(\triangle r)}\int d\kappa L(\kappa\epsilon)\exp(-i\kappa\cdot\Delta r)F(\kappa)$ (43)
$F( \kappa)=(\frac{1}{2\pi})^{4}\int_{-\infty}^{\infty}dk’\frac{1}{|k|^{4}}ik’\cross\hat{z}\frac{-i(k’-\kappa)\cross\hat{z}}{|k’-\kappa|^{2}}$ (44)
$\int d\kappa L(\kappa\epsilon)\exp(-i\kappa\cdot\Delta r)F(\kappa)$
$\approx$ $F(0) \int_{-\infty}^{\infty}d\kappa 1\cdot\exp(-\kappa\cdot\Delta r)$





$O(F(0))$ $=$ $\frac{1}{|k^{f}|^{2}}\propto a^{2}$






Leonard review [7] :“ It now
appears that using an increased number of point vortices of decreased strength will not
yield a converged solution. ... Ironically, best results with the point vortex method often
are achieved by using only a few vortices with a diffusive time integration scheme.”
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